We give a naturalness argument to show that both covered and naked singularities should occur generically in spherical gravitational collapse in classical general relativity, subject to the assumption of the dominant energy condition.
these various examples, suggesting an underlying pattern, on the other hand there is no proof that the naked singularities result from generic initial data.
In the present paper we give a naturalness argument which suggests that initial conditions can be classified so that naked singularities in spherical collapse arise from generic initial data that lies "in between" initial data that leads to non-singular solutions, and initial data that leads to covered singular solutions.
Our naturalness argument is related to an elementary observation regarding light propagation in Newtonian gravity. The divergence of the density at the center of a collapsing spherical Newtonian star means that the ratio M/R 3 diverges as R → 0, where M(R) is the mass to the interior of the radius R. However, according to the usual escape velocity argument, the escaping of light (moving at speed c) from this density singularity is governed by the ratio 2M(R)/R, not by the ratio M/R 3 . If in the approach to the singularity, 2M(R)/R goes to a limiting value less than unity, light will be able to escape, but not otherwise. We
and it is evident that if M/R 3 diverges then 2M/R may either diverge or go to zero or be finite and non-zero, depending on whether M/R 3 goes to zero faster than R 2 , slower than R 2 , or as fast as R 2 , respectively. On the other hand, if 2M/R diverges, then M/R 3 also diverges.
Continuing with this Newtonian argument, let us assume that in terms of its dependence on the radius R, the mass function M(R) behaves as a power law R q , near the center, at any fixed time t. Clearly, q will lie in the range 0 < q ≤ 3, if we assume that the density at the center is non-zero, and if M(R = 0) = 0. If the evolution is non-singular, then q = 3. A density singularity will form if q < 3 is realised during the evolution. We know from experience that for a typical equation of state there are initial conditions (distribution of density and velocity) for which the collapsing matter cloud does not become singular, and either rebounces or attains equilibrium. These initial conditions correspond to selecting q = 3. Let us now imagine choosing different classes of initial conditions, for the same equation of state, so as to move away from such non-singular evolutions and towards singular evolutions. In so far as q is concerned, this is equivalent to continuously reducing the final value of q to below q = 3, and letting it approach towards q = 0 while taking all the values between three and zero. So long as we are considering the class of solutions for which the final value of q lies in the range 1 < q < 3 the ratio 2M/R will go to zero and light will be able to escape the density singularity -this is an analog of the naked singularity in general relativity. If q lies in the range 0 < q < 1 the ratio 2M/R will go to infinity and light will not be able to escape from the density singularity. This is an analog of the covered singularity.
If q = 1 either case may be realised, depending on the actual value the ratio takes.
Again from experience we expect that the black hole type (i.e. covered) singular solutions, which correspond to 0 < q < 1, will be realised in gravitational collapse, from some initial conditions. Naturalness then suggests that as the initial conditions for a given equation of state are varied from the 'weak' to the 'strong', one cannot go from the non-singular class q = 3 to the black hole type singular class q < 1 without passing through the intermediate 'naked singularity' class 1 < q < 3. In this sense naked singularities lie between non-singular solutions and covered singular solutions, and can be expected to be realised generically in Newtonian spherical gravitational collapse.
Considering the similarity of spherical Newtonian collapse to the corresponding general relativistic case, one expects to be able to formulate such a naturalness argument in spherical general relativity. We show below how this can be done, by considering the growth of a curvature invariant like the Ricci scalar, and by assuming the dominant energy condition for the collapsing matter distribution. According to the dominant energy condition, pressure components cannot exceed the value of the density at any point in the spacetime.
In comoving coordinates (t, r, θ, φ) the spherically symmetric line element in general relativity is given by
where σ, ω and R are functions of t and r. In these coordinates the energy momentum tensor for a spherical matter distribution is given by
The functions ρ, p r and p T have the interpretation of being the density, radial pressure and tangential pressure, respectively. The Einstein field equations for this system are
and
Here, prime and dot denote derivatives w.r.t. r and t, respectively. In equations (3) and (4) we have set 8πG/c 4 = 1. The function F (t, r) results from the integration of Einstein equations, and has the interpretation of being twice the mass to the interior of the shell labelled by the coordinate r. The function f (t, r) is defined by the relation e
and satisfies the condition f ≥ −1.
We assume that at time t = 0 the spherical object starts undergoing gravitational collapse, and we choose the initial scaling R(0, r) = r. Next, we assume that a shell-focusing curvature singularity, given by R(t s (r), r) = 0, forms during the evolution. At this singularity, the Kretschmann scalar R abcd R abcd diverges. The shell labelled by the comoving coordinate r becomes singular at the time t s (r). In particular, the 'central' curvature singularity, i.e. the one at r = 0, forms at the time t s (0). It is the central singularity that is of primary interest from the point of view of nakedness, and is the object of study in the present paper. We will assume that t s (0) < t s (r = 0) and that the central shell-focusing singularity is not preceded by any shell-crossing singularity. Since F (t, r) is twice the mass, it is physically reasonable to take F (t, 0) = 0, prior to singularity formation. Furthermore, since the center is the first point to become singular, according to time t, we assume that
Let us consider the propagation of an outgoing radial null geodesic congruence ζ i . As is known, the occurrence of a naked singularity is determined by the behaviour of the geodesic expansion θ = ζ i ;i in the approach to the singularity. If the expansion of the outgoing null congruence continues to remain positive in the approach to the singularity, the singularity will be naked. It can be shown [2] that in a spherically symmetric spacetime θ can be written, using the form (2) of the metric, as
Since R ′ and ξ r are positive quantities, it is evident that the necessary and sufficient condition for the singularity to be naked is that F/R approach a value less than or equal to unity along the outgoing geodesic ζ i , as it meets the singularity in the past. (We assume that f does not become infinite in the approach to the singularity along an outgoing null geodesic). Of course this is nothing but the usual condition of no trapping, and is analogous to the condition on 2M/R in the Newtonian case.
In the remainder of this paper, we will be concerned only with local nakedness, and not with the question of whether the central singularity is globally naked, i.e. visible to a far away observer. Only after the genericity of locally naked singularities can be established can one begin to address the issue of genericity of globally naked singularities.
Consider next the rate of divergence of a curvature scalar like the Ricci scalar R c at the central curvature singularity, as the singularity is approached in the past along an outgoing null geodesic. The Ricci scalar, by virtue of Einstein equations, is proportional to the trace
Because of the dominant energy condition, the leading divergence in R c will be due to the energy density ρ (except for the case of the perfect fluid with the radiation equation of state: p r = p T = ρ/3). We now show that ρ diverges like F/R 3 at the singularity, along an outgoing geodesic, in analogy with Newtonian gravity.
We first transform from the comoving coordinates (t, r, θ, φ) to coordinates (t, R, θ, φ), thus using the area radius as one of the coordinates. From equation (3) it follows that we can write, in these new coordinates
In order to evaluate the growth of ρ along an outgoing null geodesic, we use the null coordinate X along the outgoing geodesic as one of the coordinates. Hence, by transforming to the (X, R, θ, φ) coordinates we get
Since we are assuming that F (t s (0), 0) = 0 (i.e. the mass at the center remains zero at the onset of the central singularity), we can write, to leading order,
where A(X) is finite and non-zero, and q > 0. It can then be seen that the first term in the numerator on the right hand side of (10) dominates over the second one, as R → 0, provided that (∂X/∂R) t does not diverge, or diverges slower than 1/R. Hence, we can conclude that in the approach to the singularity along an outgoing null geodesic, the density, and therefore the Ricci scalar, diverges as F/R 3 . The scalars
We can now construct a naturalness argument exactly as in the Newtonian case mentioned above. If along the outgoing null geodesic, F grows as R q , the evolution will be non-singular if q = 3, and singular if q < 3 is realised during the collapse. In order for the singularity to be not naked, one must have q < 1 − this will cause F/R to diverge and make θ in equation (8) negative and the singularity covered. This domain for q is separated from the non-singular domain q = 3 by the intermediate class 1 < q < 3 for which the singularity will be naked, as F/R will go to zero, and θ will be positive. As the initial conditions are varied, so as to move from the non-singular class of solutions (q = 3) to the covered class of solutions (q < 1), one expects that there will be initial conditions which lead to a final value of q such that 1 < q < 3 − these are the naked class of solutions. In this sense initial data leading to naked singularities lies in between initial data that leads to non-singular evolution and initial data that results in covered singularity formation. One can conclude that both covered and naked singularities can be expected to arise generically in gravitational collapse.
Our results are consistent with earlier work demonstrating the occurrence of covered and naked singularities in spherical collapse, for a general form of matter [3] .
In view of the above arguments one can understand better the somewhat mysterious conditions that are required for naked singularity formation in spherical inhomogeneous dust collapse. For convenience, we recall the case of marginally bound dust collapse, for which the initial density profile near the center, written in a series as
determines the outcome of the collapse. It turns out that the singularity is naked if ρ 1 < 0 or if ρ 1 = 0, ρ 2 < 0. It is covered if ρ 1 = ρ 2 = ρ 3 = 0. If ρ 1 = ρ 2 = 0 and ρ 3 < 0 the singularity is naked if the dimensionless quantity ζ = √ 3ρ 3 /4ρ 5/2 0 is less than or equal to −25.9904, and covered when ζ exceeds this value [4] .
One could ask why the transition from the naked to the covered case takes place at the level of the third derivative. A physical answer is the following. It can be shown that in the approach to the central dust singularity along an outgoing null geodesic, R ∼ r α , with α taking the value (1 + 2p/3) where p is defined such that the first non-vanishing derivative in the above expansion for the density is the pth one. According to our naturalness argument above, if the singularity has to be naked, F/R 3 must not vary faster than 1/R 2 . Noting that F ∼ r 3 , we can write F/R 3 ∼ R 3(1−α)/α which implies that α ≤ 3, i.e. p ≤ 3, is necessary for nakedness (p < 3 is sufficient for nakedness). This physically explains the significance of the transition taking place at the level of the third derivative.
The assumptions made in this paper regarding the functions f , F and (∂X/∂R) t are: f does not become infinite at the central singularity, F remains zero at the central singularity, and (∂X/∂R) t does not diverge, or diverges slower than 1/R, in the approach to the central singularity. These assumptions do not appear to be too restrictive -nonetheless it would be interesting to find out if these assumptions can be relaxed. It will also be important to know whether or not an analogous naturalness argument exists for covered and naked singularities in the case of non-spherical collapse.
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